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The equivalent in-plane properties for hexagonal and re-entrant (auxetic) lattices are investigated through the analysis
of partial diﬀerential equations associated with their homogenized continuum models. The adopted homogenization tech-
nique interprets the discrete lattice equations according to a ﬁnite diﬀerences formalism, and it is applied in conjunction
with the ﬁnite element description of the lattice unit cell. It therefore allows handling of structures with diﬀerent levels of
complexity and internal geometry within a general and compact framework, which can be easily implemented. The esti-
mation of the mechanical properties is carried out through a comparison between the derived diﬀerential equations and
appropriate elasticity models. Equivalent Young’s moduli, Poisson’s ratios and relative density are estimated and com-
pared with analytical formulae available in the literature. In-plane wave propagation characteristics of honeycombs are
also investigated to evaluate phase velocity variation in terms of frequency and direction of propagation. Comparisons
are performed with the values obtained through the application of Bloch theorem for two-dimensional periodic structures,
to show the accuracy of the technique and highlight limitations introduced by the long wavelength approximation asso-
ciated with the homogenization technique.
 2008 Elsevier Ltd. All rights reserved.
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Extensive eﬀorts have been devoted to the investigation of the static and dynamic behavior of periodic struc-
tures. Much of the previous research has been devoted to the derivation of equivalent mechanical properties, as
presented by noteworthy contributions such as Christensen (2000), Kumar and McDowell (2004), and Vasiliev
et al. (2002). The characteristics of many periodic cellular structures are discussed in detail in the well-known
book by Gibson and Ashby (2001), where equivalent mechanical properties of honeycomb lattices are derived
by analyzing strain and stress states in unit cells through the application, in most cases, of beam theory. An
alternative approach, suggested among others in Kumar and McDowell (2004), Burgardt and Cartraud0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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rials makes the analysis of their wave propagation characteristics particularly interesting. The investigation of
existence, location and width of frequency bandgaps and associated ﬁltering and waveguiding characteristics
has been the object of a number of recent studies, such as, for example, Shrikantha Phani et al. (2006), Mar-
tinsson andMovchan (2003), Sigmund and Jensen (2003) and Hussein et al. (2003). A limited number of papers
has also investigated the directional behavior of cellular lattices and the occurrence of wave beaming at speciﬁed
frequencies (Shrikantha Phani et al., 2006; Ruzzene et al., 2003; Jeong and Ruzzene, 2003). Bandgap and direc-
tionality studies typically rely on a dynamic model of the unit cell and on the application of Bloch theorem. The
dynamic behavior of periodic solids can be also investigated through homogenization techniques, with the
objective to obtain an equivalent continuum representation which contains information about properties
and geometry of the unit cell. Among the important contributions are those in Fish and Chen (2001), Fish
and Nagai (2002a,b), which propose multiscale and multi-grid methods based on extension of the asymptotic
expansions used in classical homogenization. Alternative multiscale approaches for the analysis of periodic
media are the assumed strain method proposed in McDevitt et al. (2001) and McDevitt et al. (1999) and the
ﬁnite element-based technique described in Maewal (1986). Earlier techniques for the identiﬁcation of contin-
uum models for lattice structures are presented in Noor (1988) and Lee (1994), where energy equivalence is
enforced without the application of multiscale analysis. The spatial periodicity of the structure is exploited
in Martinsson (2002), where a multiscale expansion is applied to the governing equations of the medium for-
mulated in the Fourier domain. This technique leads to results which are formally identical to those obtained
through an interpretation of the discretized unit cell dynamic model in terms of a ﬁnite diﬀerence formalism.
The equivalent continuum diﬀerential equations are obtained through the application of Taylor series expan-
sions, which are motivated by the multiscale nature of the considered problem (Vasiliev et al., 2002; Suiker
et al., 2001). The technique is well known in the literature as it has been widely applied both in solid state physics
and in the engineering ﬁeld. Its application to the analysis of structural lattices and to the derivation of equiv-
alent constitutive relations is thoroughly reviewed in Ostoja-Starzewski (2002), where an extended list of refer-
ences in presented. In this work, the homogenization approach is formulated in conjunction with the ﬁnite
element (FE) discretization of the unit cell. In this regard, this study paper can be considered a straightforward
extension of previous work (see, for example, Suiker et al., 2001), which however suggests how the technique
may be applied to obtain continuum equations for periodic media of high structural complexity. In addition,
the application to dynamic problems allows the direct derivation of equivalent inertial properties of the periodic
media, and the evaluation of approximate expressions for wave velocities and dispersion relations, which can be
used to quantify the frequency range of validity of the considered continuum approximations. Finally, the
application of the method to re-entrant (auxetic) lattices illustrates their interesting directional waveguiding
properties which result from their orthotropic behavior.
The paper is organized in six sections including this introduction. Section 2 describes the mathematical for-
mulation of the homogenization technique, while Section 3 illustrates its application to the simple case of a
square lattice. Section 4 extends the analysis to hexagonal lattices with various internal conﬁgurations, and
focuses on the estimation of their equivalent mechanical properties. Section 5 presents the wave propagation
characteristics of hexagonal honeycombs, and Section 6 summarizes the main results of the work and provides
recommendations for future investigations.2. Concept and mathematical formulation
2.1. Notation and general description of a lattice
Let us consider the general two-dimensional periodic lattice of Fig. 1, whose unit cell of generic, complex
internal structure is inscribed in a quadrilateral shaded gray area. As in any periodic assembly, the location of
a point P can be described in terms of the location of the corresponding point in a reference unit cell and a set
of lattice vectors which deﬁne directions along which each unit cell is repeated to generate the assembly.
Accordingly, the location of point P belonging to cell n1; n2 can be expressed as (Srivastava, 1990):qP ðn1; n2Þ ¼ rP þ n1e1 þ n2e2 ð1Þ
Fig. 1. Schematic of generic lattice and unit cell with considered reference frames.
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A cartesian reference frame FI in the plane of the lattice is deﬁned by a unit vector basis I ¼ ði1; i2Þ. In addi-
tion, the lattice vectors deﬁne a frame FE with E ¼ ðe1; e2Þ. The position of a point P in the cell can be ex-
pressed in either frame as follows:rP ¼ x1i1 þ x2i2 ¼ g1e1 þ g2e2 ð2Þ
where g1; g2 2 ½0; 1, with the components of the position vector in the two frames being related by:½x1; x2T ¼ E½g1; g2T ð3Þ
whereE ¼ e1  i1 e2  i1
e1  i2 e2  i2
 
ð4ÞMatrix E, known as ‘‘lattice (transformation) matrix”, maps the quadrilateral geometry inscribing the unit
cell to a square of unit area. The result of this geometric mapping is represented schematically in Fig. 2. The
description of the lattice as assembly of square unit cells simpliﬁes the visualization of the homogenization
approach to follow.Fig. 2. Mapping of the unit cell into the lattice space.
Fig. 3. Lattice topology in the lattice space.
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Consider a unit cell ði; jÞ connected to three neighboring cells, as shown in Fig. 3, where the square topology
is the result of its representation in the lattice space. The boundary nodes of the cells are denoted by two
indexes m; n 2 ½1; 1. It is assumed that the behavior of each unit cell is described in terms of mass and stiﬀ-
ness matrices relating the degrees of freedom of the boundary nodes highlighted in the ﬁgure. This implies the
absence of internal degrees of freedom, or a previous operation whereby internal degrees of freedom are con-
densed out through the application of standard condensation techniques (Cook et al., 2004), or more dedi-
cated and advanced reduction techniques as described in Brown and Byrne (2005). Accordingly, the
equation of motion for the reference node (0,0) can be expressed as:Xþ1
m;n¼1
Kðm;nÞuðm;nÞ þMðm;nÞ€uðm;nÞ ¼ fð0;0Þ ð5Þwhere uðm;nÞ denotes the generalized displacements of node ðm; nÞ, fð0;0Þ is the vector of the generalized forces
applied to node ð0; 0Þ, while Kðm;nÞ and Mðm;nÞ are proper partitions of the mass and stiﬀness matrices for the
four-cell assembly in Fig. 3. The homogenization technique under consideration consists of introducing an
equivalent, continuous vector of generalized displacements u ¼ uðg1; g2Þ which is related to the discrete vector
of degrees of freedom uðm;nÞ through the following Taylor series expansion:uðm;nÞ  uðg1; g2Þ þ m
ou
og1
þ n ou
og2
þ 1
2
m2
o2u
og21
þ 1
2
n2
o2u
og22
þ mn o
2u
og1og2
þ    ð6ÞHere and in the following, italics font is used to diﬀerentiate the continuum variables from the discrete ones.
Similarly, the vector of the applied forces is replaced by a continuous force distribution:fð0;0Þ  f ðg1; g2Þ ð7ÞSubstituting Eqs. (6) and (7) into Eq. (5) yields the following set of partial diﬀerential equations (PDEs):A0u;g1g1 þB0u;g1g2 þC0u;g2g2 þD0u;g1 þE0u;g2 þF 0uþA0m€u;g1g1 þB0m€u;g1g2 þC0m€u;g2g2 þD0m€u;g1 þE0m€u;g2 þF 0m€u¼ f
ð8Þwith the notations _ðÞ and ðÞ;gi , respectively, denoting partial derivatives with respect to time and the variable
gi, (i ¼ 1; 2), and where the PDEs’ matrix coeﬃcients A0; . . . ; F 0 and A0m; . . . ; F 0m are given by:
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Mðm;nÞEq. (8) is a system of PDEs, whose dimension depends on the number of degrees of freedom describing the
behavior of the lattice nodes. The order of the approximation corresponding to truncation to the second order
in the Taylor series expansion can be quantiﬁed by introducing a small parameter  which relates the cell
dimensions to those of the entire periodic domain under consideration. The eﬀect of the scaling parameter
 and its contribution to the various terms of the continuum PDEs can be conveniently illustrated through
an example. The next section will present the simple case of a square lattice which provides a convenient
framework for the introduction of the small parameter and the analysis of its propagation through the Taylor
series expansion process. A simple coordinate transformation can be performed to express the equivalent con-
tinuum equations in the cartesian frame FI . Letting:o
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CCCA ð10Þwith eij denoting the i; j component of the lattice matrix E, yields:Au;x1x1 þ Bu;x1x2 þ Cu;x2x2 þ Du;x1 þ Eu;x2 þ F uþ Am€u;x1x1 þ Bm€u;x1x2
þ Cm€u;x2x2 þ Dm€u;x1 þ Em€u;x2 þ F m€u ¼ f ð11ÞThe matrix coeﬃcients A . . .F and Am . . .Fm of the continuum PDEs in cartesian coordinates are obtained by
applying the derivative transformations in Eqs. 9 and 10, and they are linear combinations of A0 . . .F 0 and
A0m . . .F
0
m through the components eij of matrix E. The form of the equivalent continuum equations simpliﬁes
considerably if a lumped mass description is considered for the lattice. Lumped mass matrices can be obtained
from the consistent ones through simple techniques such as the row sum technique presented in Belytschko
et al. (2001). In this case, the discretized equation of motion for node ð0; 0Þ common to the four-cell assembly
of Fig. 3 becomes:Mð0;0Þ€uð0;0Þ þ
Xþ1
m;n¼1
Kðm;nÞuðm;nÞ ¼ fð0;0Þ ð12Þand the corresponding equivalent continuum PDEs reduce to the following simpler form:Au;x1x1 þ Bu;x1x2 þ Cu;x2x2 þ Du;x1 þ Eu;x2 þ F uþ F m€u ¼ f ð13Þ
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3.1. Homogenized equations and equivalent mechanical properties
The technique can be illustrated by considering the simple case of the square lattice shown in Fig. 4a, where
L denotes the overall (macroscopic) dimensions of the lattice. The four-cell assembly and the parameters deﬁn-
ing the unit cell geometry are depicted in Fig. 4b. For simplicity the unit cell is modeled as two perpendicular
beam elements. The behavior of each beam is deﬁned by the degrees of freedom of the two nodes, which
include two in-plane displacements and one rotation about the out-of-plane axis, according to the schematic
of Fig. 5. Accordingly, the vector of the nodal generalized displacements uðm;nÞ is a 3 1 array, and the sub-
matrices Kðm;nÞ;Mðm;nÞ in Eq. (5) are 3 3. The standard Euler–Bernoulli formulation with hermitian polyno-
mials as shape functions is employed for simplicity, with the lumped mass matrix being obtained through the
application of the row sum technique. It is worth noting that neither the formulation nor the complexity of the
procedure are aﬀected by the consideration of shear deformable or higher order beam theories. The simple
formulation adopted here is, however, chosen as it leads to a very convenient interpretation of the results.
The simplicity of the lattice topology also introduces the following simpliﬁcations:Kðþ1;þ1Þ ¼ Kð1;þ1Þ ¼ Kðþ1;1Þ ¼ Kð1;1Þ ¼ 0 ð14ÞThe geometry of the unit cell can be deﬁned in terms of a slenderness ratio b ¼ h=l, and of a scaling param-
eter  which relates the characteristic dimensions of the lattice and of the unit cell, respectively, denoted as L
and l, such that: ¼ l
L
 1 ð15ÞFig. 4. Square lattice and unit cell geometry.
Fig. 5. Degrees of freedom of beam elements.
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propagates through the formulation. The results obtained upon performing the Taylor series expansion can be
then truncated to a selected order of . This process can be very conveniently implemented as part of a sym-
bolic solver, where  is left as a symbolic term, or in a completely numerical code, which selects and truncates
terms below a speciﬁed order of magnitude, as deﬁned by the value of . The introduction of  in the formu-
lation is based on the following substitutions:l ¼ L; h ¼ bL ð16Þ
which aﬀect the area properties of the beam elements:A ¼ h ¼ bL ð17Þ
I ¼ 1
12
h3 ¼ 1
12
3b3L3 ð18Þand the lattice matrix E which in this case is given by:E ¼ l 0
0 l
 
¼  L 0
0 L
 
ð19Þwhere A and I, respectively, denote the beam cross sectional area and the 2nd moment of area, evaluated un-
der the assumption of unit out-of-plane width.
Applying the technique and truncating to exclude all terms Oð3Þ yields the following set of PDEs:E
h
l
u;x1x1 þ E
h
l
 3
u;x2x2  E
h
l
 3
/;x2  q
2h
l
€u ¼ fu
l2
E
h
l
 3
v;x1x1 þ E
h
l
v;x2x2 þ E
h
l
 3
/;x1  q
2h
l
€v ¼ fv
l2
E
h
l
 3
v;x1  E
h
l
 3
u;x2 þ 2E
h
l
 3
/ ¼ m/
l2
ð20Þwhere E and q are the Young’s modulus and the density of the lattice material, u; v;/ are the two in-plane
displacement components and rotation, while fu; fv;m/ denote the corresponding generalized loads. If no con-
centrated couples are applied to the structure (m/ ¼ 0), the degree of freedom / can be eliminated from the
equations. That is done by calculating / from the 3rd equation and substituting the result in the ﬁrst two. This
gives:E
h
l
u;x1x1 þ
1
2
E
h
l
 3
u;x2x2 þ
1
2
E
h
l
 3
v;x1x2  q
2h
l
€u ¼ qu
1
2
E
h
l
 3
v;x1x1 þ E
h
l
v;x2x2 þ
1
2
E
h
l
 3
u;x1x2  q
2h
l
€v ¼ qv ð21Þwhere qu ¼ fu=l2 and qv ¼ fv=l2 are area loads corresponding to the load distributions on the unit cell. Eq. (21)
is a system of two equations in the variables u and v and involves a classical linear elasticity operator. The
coeﬃcients of the diﬀerential operators are functions of the geometric and material properties of the beams
constituting the unit cell. Direct comparison between the coeﬃcients of the homogenized equations and the
elasticity equations for an orthotropic, two-dimensional elastic domain under plain stress conditions allows
the identiﬁcation of equivalent mechanical properties for the square lattice. For instance, the inertia term con-
tains the relative density of the unit cell, which is given by:q ¼ 2h
l
ð22ÞAlso, equivalent moduli of elasticity are:
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G12 ¼ E 1
2
h
l
 3
ð24ÞFinally, the equivalent Poisson’s ratios are:m12 ¼ m21 ¼ 0 ð25Þ
These expressions exactly match those available in the literature (Gibson and Ashby, 2001), which are
obtained through the application of basic deformation analysis of the lattice beams. The current formu-
lation can be easily implemented and its accuracy can be conveniently increased by including in the model
more detailed deformation mechanisms, such as, for example, shear deformation or higher order strain
theories. The present formulation also directly provides the inertia term, which is essential for the appli-
cation of the equivalent continuum equations as part of a dynamic analysis. A drawback of the technique,
which will become apparent in the following section, is the diﬃculty in obtaining closed-form, analytical
expressions for the equivalent properties, particularly when the cell’s internal structure increases in com-
plexity. However, the technique is very general and straightforward and can be employed to obtain equiv-
alent governing equations, which can be solved through typical numerical techniques, or can be directly
fed to one of the commercially available PDEs solvers. This may lead to substantial reductions in com-
putational cost, with respect to a full, detailed analysis of the lattice, within the spirit of the homogeni-
zation method.
3.2. Evaluation of the wave propagation characteristics
The homogenized equations can be used to obtain approximate expressions for the phase velocities,
and for their variation with respect to the direction of wave propagation. In non-dispersive media, this
information is typically represented in the form of slowness curves (Achenbach, 1999), which are extre-
mely useful in highlighting for example the anisotropy of the medium under consideration. The proce-
dure for the evaluation of the phase velocities consists in substituting in the governing equations a
solution of the kind:u ¼ u0eikreixt ð26Þ
where u ¼ ½u vT, while:k ¼ k1i1 þ k2i2 ¼ kðcos ci1 þ sin ci2Þ ð27Þ
r ¼ x1i1 þ x2i2 ð28Þwhere k is the wavenumber, and c deﬁnes the direction of wave propagation. Substituting Eq. (26) into the
continuum equations yields the following eigenvalue problem:½c2phCðcÞ  qIu0 ¼ 0 ð29Þ
where cph ¼ k=x is the unknown phase velocity, C is a matrix containing the elasticity coeﬃcients of the con-
sidered homogenized domain, and I is a 2 2 identity matrix. Results obtained for the two propagation
modes and c 2 ½0 2p are shown in Fig. 6. Analytical expressions for the wave speeds corresponding to prop-
agation along the lattice axis x1, obtained by letting c ¼ 0 in Eq. (29), are:cP ¼
ﬃﬃﬃﬃﬃ
E
2q
s
ð30Þ
cS ¼ 1
2
h
L
ﬃﬃﬃ
E
q
s
ð31Þwhose values are presented as a dot in Fig. 6 (see Gibson and Ashby, 2001; Shrikantha Phani et al.,
2006).
Fig. 6. Variation of phase velocity in terms of direction of wave propagation for the two propagation modes deﬁned by the homogenized
model.
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4.1. Overview
We investigate the characteristics of the hexagonal lattices in Fig. 7, obtained from the assembly of unit
cells of the kind shown in Fig. 8. The geometry of the unit cell is deﬁned by the internal angle h, and by
the ratios a ¼ H=L and b ¼ h=L which, respectively, deﬁne the relative cell wall lengths, and the walls’ slen-
derness ratio. For example, a regular hexagonal lattice is deﬁned by h ¼ 30 and a ¼ 1, while re-entrant lat-
tices of the kind shown in Fig. 7b are characterized by negative values of h. Such lattices are of particular
interest as they feature a negative in-plane Poisson’s ratio, and for this reason they are denoted as auxetic
(Friis et al., 1988; Prall and Lakes, 1997). Auxetic lattices have interesting properties with regards to the prop-
agation of out-of-plane elastic waves as discussed in Ruzzene et al. (2003), among others. The lattice vectors
are expressed in terms of the characteristic unit cell parameters as:Fig. 7. Hexagonal and re-entrant lattices.
Fig. 8. Unit cell and main dimensions.
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e2 ¼ L cos hi1 þ ðH þ L sin hÞi2 ð32ÞThe derivation of homogenized equations of motion governing the in-plane behavior of hexagonal lattices
is obtained following the Taylor series-based procedure introduced in the previous sections. Given the lattice
vectors e1; e2, the domain in Fig. 9a is mapped into the lattice space to obtain the conﬁguration of Fig. 9b. In
the case of hexagonal lattices, even when each link of the assembly is modeled with a single beam element, the
unit cell features at least one internal node which is not shared with any of the neighboring cells. Since the
homogenization technique presented above requires the structure to be described in terms of the degrees of
freedom of the boundary nodes, a reduction is needed in order to make the unit cell compatible with the pre-
sented procedure. This result is achieved by performing a condensation of the internal degrees of freedom.
Performing a static condensation within the solution of a dynamic problem inevitably introduces approxima-Fig. 9. Macro-cell of hexagonal lattice in geometric and lattice space.
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large. It is therefore important to estimate the eﬀects of this additional approximation to understand its eﬀects
on the analysis. The accuracy of the condensation is discussed later in the paper (see Section 5).
4.2. Homogenized equations of motion
As in the case of the square lattice, application of the homogenization procedure yields a system of three
equations in the three continuum variables u, v and /, which, upon truncation up to Oð3Þ has again the form:Au;x1x1 þ Bu;x1x2 þ Cu;x2x2 þ Du;x1 þ Eu;x2 þ F uþ F m€u ¼ f ð33Þ
where u ¼ ½u; v;/T, while matrices A . . . F feature the following internal structure:A ¼
a11 0 0
0 a22 0
0 0 0
2
64
3
75 B ¼
0 b12 0
b21 0 0
0 0 0
2
64
3
75 C ¼
c11 0 0
0 c22 0
0 0 0
2
64
3
75
D ¼
0 0 0
0 0 d23
0 d32 0
2
64
3
75 E ¼
0 0 e13
0 0 0
e31 0 0
2
64
3
75 F ¼
0 0 0
0 0 0
0 0 f33
2
64
3
75
ð34ÞAssuming a lumped mass description, F m becomes:F m ¼
fm11 0 0
0 fm22 0
0 0 0
2
64
3
75 ð35ÞAccordingly, Eq. (33) can be recast as:a11u;x1x1 þ c11u;x2x2 þ b12v;x1x2 þ e13/;x2  fm11€u ¼ fu
a22v;x1x1 þ c22v;x2x2 þ b21u;x1x2 þ d23/;x1  fm22€v ¼ fv
d32v;x1 þ e31u;x2 þ f33/ ¼ m/
ð36Þwhich is recognized as a set of diﬀerential equations governing the behavior of an equivalent 2D continuum in
terms of horizontal and vertical displacements and one rotation. Under the assumption that no concentrated
couples are applied to the nodes of the lattice, the rank of the system is reduced from 3 to 2 by solving for / in
the third equation and substituting in the ﬁrst two, which givesau;x1x1 þ bu;x2x2 þ cv;x1x2  fm11€u ¼ fu
du;x1x1 þ eu;x2x2 þ fv;x1x2  fm22€v ¼ fv
ð37Þwhere the new coeﬃcients in terms of the entries of the matrices A . . . F are:a ¼ a11; b ¼ c11  e31e13=f33; c ¼ b12  d32e13=f33
d ¼ a22  d32d23=f33; e ¼ c22; f ¼ b21  e31d23=f33The structure of Eq. (37) is again in the form of a classical elasticity equation.
4.3. Homogenized equations for the regular hexagonal lattice
The regular hexagonal lattice (h ¼ 30, a ¼ 1) is the most common honeycomb conﬁguration, and its
behavior is well documented in the literature. The center-symmetric nature of this geometry leads to expres-
sions which are simple enough to provide homogenized equations in a symbolic form. This allows direct com-
parison with available analytical solutions, and oﬀers insights into the actual dependency of the coeﬃcients of
Eq. (37) upon the geometric and material parameters of the lattice.
The homogenized equations for the regular hexagonal lattice are:
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ð38ÞThe inertia term in Eq. (38) directly contains the eﬀective density of the lattice q	 ¼ qq, with the relative den-
sity q being expressed as:q ¼ 2ﬃﬃﬃ
3
p b ð39ÞDirect comparison between the coeﬃcients of the homogenized equations (Eq. (38)) and the elasticity equa-
tions for an isotropic continuum in plane stress gives the following expressions for the equivalent moduli of
elasticity and Poisson’s ratio:E1 ¼ E2 ¼ 4
ﬃﬃﬃ
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p
3
E
b3
ð1þ 3b2Þ ð40Þ
G12 ¼
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3
p
3
E
b3
ð1þ b2Þ ð41Þ
m12 ¼ 1 b
2
1þ 3b2 ð42ÞFor very slender beams (b 1), these results approach the expressions available in the literature (Gibson and
Ashby, 2001):E1 ¼ E2 ¼ 4
ﬃﬃﬃ
3
p
3
Eb3 ð43Þ
G12 ¼
ﬃﬃﬃ
3
p
3
Eb3 ð44Þ
m12 ¼ 1 ð45Þwhich are in fact obtained by neglecting axial deformations. This corresponds to considering the axial stiﬀness
of the lattice beams to be much higher than the ﬂexural one. The expressions obtained by application of the
homogenization approach account for the eﬀects of axial deformation in the beams and show that the Pois-
son’s ratio does not exactly assume the value of 1.4.4. Identiﬁcation of mechanical properties for generic hexagonal lattices
The technique is then applied to hexagonal lattices with varying internal angle h. The general form of the
homogenized equations upon truncation to the Oð3Þ order is:au;x1x1 þ du;x2x2 þ ðcþ dÞv;x1x2  q	€u ¼ qu
dv;x1x1 þ bv;x2x2 þ ðcþ dÞu;x1x2  q	€v ¼ qv ð46Þwhere the coeﬃcients a . . . d and the relative density q depend upon unit cell geometry and material properties.
Equivalent elastic properties for lattices with a ¼ 1, b ¼ 1=15 and a variety of internal angles h are plotted in
Fig. 10, where they are directly compared with the corresponding formulae presented in Gibson and Ashby
(2001):
0 5 10 15 20
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
x 1010
 [deg]
E 1
 [N
/m
2 ]
Gibson & Ashby
Homogenization
0 5 10 15 20
1.6
1.8
2
2.2
2.4
2.6
2.8
3
3.2
3.4
3.6
x 107
 [deg]
E 2
 [N
/m
2 ]
Gibson & Ashby
Homogenization
0 5 10 15 20
4
5
6
7
8
9
10
11
x 106
 [deg]
G
12
 [N
/m
2 ]
Gibson & Ashby
Homogenization
0 5 10 15 20
0
20
40
60
 [deg]
12
Gibson & Ashby
Homogenization
0 5 10 15 20
0
0.1
0.2
0.3
0.4
0.5
0.6
 [deg]
21
Gibson & Ashby
Homogenization
Fig. 10. Comparison of homogenized quantities with reference values for diﬀerent conﬁgurations.
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ð47ÞIt can be observed that while the agreement on E2, G12 and m21 is quite good, discrepancies on E1 and m12
arise for j h j< 5 and become dramatic in the neighborhood of h ¼ 0 where some of Eq. (47), obtained by
neglecting axial deformations, become indeterminate. Fig. 11 compares the homogenization results with
expressions in Gibson and Ashby (2001) accounting for axial and shear eﬀects. These corrections signiﬁcantly
improve the agreement even for small hs, although the case for h ¼ 0 is still indeterminate in the model pre-
sented in Gibson and Ashby (2001). The current approach handles the case h ¼ 0 without particular diﬃ-
culty, and without the occurrence of numerical singularities.
5. Wave propagation in hexagonal lattices
5.1. Band structure and eﬀects of static condensation
The characteristics of wave propagation in hexagonal honeycombs are ﬁnally considered to investigate the
frequency range of validity of the homogenized equations, and to highlight some interesting features mostly
associated with the dynamic behavior of auxetic lattices. The analysis is conducted through the application of
Bloch theorem and the FE description of the unit cell in terms of stiﬀness and mass matrices K;M (Shrikantha
Phani et al., 2006; Ruzzene et al., 2003). The approach evaluates the lattice dispersion relations through the
solution of the following eigenvalue problem½Krðk1; k2Þ  x2Mrðk1; k2Þur ¼ 0 ð48Þ
where k1; k2 are the two components of the wavevector k along the directions of the selected reference frame
and Krðk1; k2Þ, Mrðk1; k2Þ are reduced matrices obtained by imposing periodicity conditions as required by the
application of Bloch theorem (Shrikantha Phani et al., 2006; Ruzzene et al., 2003). The results are compared
with the approximate dispersion relations for the homogenized media obtained by imposing in Eq. (36) a solu-
tion of the form:u ¼ u0eikreixt ð49Þ
The resulting dispersion relations x ¼ xðkÞ can be conveniently represented by letting k vary along the con-
tour of the First Brillouin Zone (Brillouin, 1946), which is deﬁned as the smallest area allowing full represen-
tation of the x ¼ xðkÞ variation. The ﬁrst Brillouin zone for hexagonal lattices is described in detail in a
companion paper (Gonella and Ruzzene, 2008). The dispersion relations are ﬁrst used to quantify the error
introduced by the condensation of the internal degrees freedom required for the homogenization. The band
structure evaluated with and without condensation is shown in Fig. 12, where the hexagonal lattice with
h ¼ 30, a ¼ 1 and b ¼ 1=15 is used as reference example. In Fig. 12a the solid lines correspond to the prop-
agation modes calculated through Bloch theorem while the circles correspond to the three branches associated
with the homogenized continuum. Fig. 12 shows how in the low-frequency range, where the homogenization is
expected to be accurate, the agreement is acceptable (see detail in Fig. 12b) and the error introduced by the
static condensation is negligible. The frequency axis in the plots is normalized with respect to the ﬂexural res-
onance of a simply supported lattice beam of length L, so that:X ¼ x L
2
p2
ﬃﬃﬃﬃﬃ
qh
EI
r
ð50Þwith E; q; I denoting the material and inertia properties of the lattice beams. It can be concluded from the plots
that the use of a condensation technique does not undermine the accuracy of the homogenization method.
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Fig. 11. Comparison of homogenized quantities with reﬁned reference values for diﬀerent conﬁgurations.
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Approximate wave velocities for hexagonal lattices are obtained from the continuous equations following
the same procedure presented above for the square lattice. It is important to observe how the equivalent con-
tinuous equations deﬁne a non-dispersive medium, for which wave speeds are independent upon frequency.
The variation of phase velocities in terms of direction of propagation c is shown in Fig. 13 for the regular hex-
agonal conﬁguration (h ¼ 30, a ¼ 1) as solid lines. The curves obtained with the Bloch theorem analysis are
in perfect agreement with the homogenized quantities. Inspection of Fig. 13 suggests that the calculated wave
speeds do not depend upon c for either mode of propagation. The absence of directionality conﬁrms the iso-
tropic behavior of hexagonal lattices in the low-frequency range.
This is however not the case for other values of the internal angle h. Directionality is the result of in-plane
anisotropy, which, in the low-frequency regime, can be investigated through the homogenized equations (Eq.
(37)). Results for the diﬀerent honeycomb conﬁgurations shown in Fig. 14 are illustrated in Fig. 15. The gen-
erality of Eq. (37), where the diﬀerences between the conﬁgurations are accounted for in the assembly of matri-
ces A . . . F , allows exploring all the conﬁgurations within a common framework. The calculated wave speeds0 1000 2000 3000
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Fig. 13. Comparison between homogenized and exact wave velocities for h ¼ 30.
Fig. 14. Diﬀerent conﬁgurations for hexagonal honeycombs.
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turing isotropic non-directional behavior. In all other cases the behavior of the lattice is strongly directional
with, most noticeably, the h ¼ 0 honeycomb of Fig. 14.c featuring the highest P-mode wave speed along the 1
direction (horizontal). This is related to the presence of long beams aligned along the horizontal direction act-
ing as uninterrupted waveguides. In contrast, the h ¼ 0 conﬁguration is such that waves moving along the
vertical direction need to propagate along short beams alternated by horizontal beams. This causes a drop
in the pressure wave speed for c ¼ 
90 as documented by Fig. 15. It is also interesting to note that the re-
entrant characteristics of the lattice mostly aﬀect the propagation of shear waves. The P-wave velocity for
h ¼ 10 and h ¼ 10 appears in fact very similar, featuring identical values for the horizontal component
and slight diﬀerences along the vertical directions. This agrees with the fact that the Young’s modulus E1 is
an even function of the re-entrant angle (see Figs. 10 and 11), while both E2 and G12 as well as m12; m21 become
signiﬁcantly diﬀerent as h varies from positive to negative values.6. Conclusions
In this paper, a general formulation for the homogenization of two-dimensional lattices has been proposed.
A matrix formulation is adopted which allows considering structures featuring diﬀerent levels of complexity
2914 S. Gonella, M. Ruzzene / International Journal of Solids and Structures 45 (2008) 2897–2915within one general framework and therefore carrying out the steps of the homogenization process as a
sequence of black box operations. The continuum PDEs have been used to estimate equivalent mechanical
properties of hexagonal and re-entrant honeycombs. The estimated values have been compared with published
results showing a high degree of accuracy. For some conﬁgurations it has been noted that the homogenization
method allows overcoming shortcomings embedded in most analytical formulae available in the literature.
However, symbolic expressions for the properties can be found with this approach only for relatively simple
geometries, while the numerical identiﬁcation has been shown to perform accurately for virtually all conﬁgu-
rations. The application has been extended to wave propagation problems where the homogenized equations
can be used to predict wave velocities for the low-frequency propagation modes.
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